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Think about a baseball game. The batter has to decide whether  
and how to hit the incoming pitch. He needs to judge the position and 
speed of the ball, given his own visual uncertainty, and to estimate  
the probability of a successful swing, given his own visuo-motor 
uncertainty.

Visuo-motor decisions such as this are common in everyday life and 
have been studied in a rich and increasing body of laboratory tasks1–3. 
Human subjects are frequently found to compensate for their own 
sensorimotor uncertainty in ways that approximate an ideal Bayesian 
observer who maximizes expected reward4–11. Although plausible 
neural representations have been proposed for the combination of 
probabilistic information12,13, little is known about representations 
of pdfs that capture visuo-motor error14.

In the framework of Bayesian decision theory2, the visuo-motor 
uncertainty associated with a possible reaching movement is sum-
marized as a pdf on possible movement outcomes in space or time. 
The pdf is often close to Gaussian in form (Fig. 1a) and is centered on 
the point that the subject aims for. Suppose that the subject can gain 
a reward if she reaches to and hits a small target. A plot of the reward 
associated with each possible outcome is called the gain function G(x), 
and here is either 0 (outside the target) or the promised reward (inside 
the target). If the subject aims at location a, then her expected gain 
on each attempt would be EG = ∫G(x)f(x − a)dx, the integral of the 
product of the pdf with a gain function2. In Figure 1b, we illustrate 
the computation of expected gain when the subject aims at the center 
of the target.

The computation involved is potentially demanding, and a possible 
way to reduce the computational load is to use additive weighted 

mixtures of a fixed set of basis distributions b1(x), …, bn(x) to approxi-
mate the objective pdfs15 
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Two examples of a discrete mixture distribution are shown in  
Figure 1a, the first based on non-overlapping uniform basis distri-
butions and the second on Gaussian distributions that all share a 
common variance, but differ in location. The Gaussian basis func-
tions overlap, but—if they are sufficiently widely separated—they are 
effectively orthogonal for our purposes. We refer to such mixtures 
of a finite number of orthogonal or nearly orthogonal functions as 
discrete mixture distributions.

In three experiments, we estimated the internal pdfs used by human 
subjects in planning speeded reaching movements and compared 
them with their objective pdfs. We found that subjects’ choice behavior  
was better described by (Bayesian optimal) decisions based on a mix-
ture of discrete distributions than by single Gaussian distributions  
or other unimodal distributions, even though their actual motor 
error distributions were close to Gaussian, and that the mixture of  
non-overlapping uniform distributions (U-mix; Fig. 1a) outper-
formed other discrete mixture distributions, including mixture of 
Gaussians. We found that the number of basis functions in the discrete 
mixture representation needed to account for human performance  
is small, roughly 2–6.

Discrete weighted mixture representations can speed computation 
of expected gain: if the expected gain for each basis function can be 
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In many laboratory visuo-motor decision tasks, subjects compensate for their own visuo-motor error, earning close to  
the maximum reward possible. To do so, they must combine information about the distribution of possible error with values 
associated with different movement outcomes. The optimal solution is a potentially difficult computation that presupposes 
knowledge of the probability density function (pdf) of visuo-motor error associated with each possible planned movement.  
It is unclear how the brain represents such pdfs or computes with them. In three experiments, we used a forced-choice  
method to reveal subjects’ internal representations of their spatial visuo-motor error in a speeded reaching movement. 
Although subjects’ objective distributions were unimodal, close to Gaussian, their estimated internal pdfs were typically 
multimodal and were better described as mixtures of a small number of distributions differing only in location and  
scale. Mixtures of a small number of uniform distributions outperformed other mixture distributions, including mixtures  
of Gaussians.
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The results of this analysis suggest, but do not demonstrate, that 
subjects’ internal pdfs are multimodal. We used a model comparison 
procedure to further explore the form of the internal pdf.

We compared seven different classes of models of the internal pdf: 
three unimodal distributions, a mixture distribution that is always 
unimodal and three mixture distributions that could be multimodal 
(Online Methods). The Akaike information criterion with a correc-
tion for sample sizes (AICc)18,19 was used for model selection.

Unimodal distributions. The first and the baseline model was the 
Gaussian model, whose variance was fitted as a free parameter. The 
second model was the t model, whose scale and shape parameters 
were free. In a third model, the linear-decay model, we assumed 
that the probability density functions in subjects’ internal pdfs were  
continuous, but took the simple linear form of a triangular distribu-
tion, with variance as a free parameter.

Mixture distributions. We next considered four classes of mix-
ture distributions (including the unimodal mixture distribution). 
One class is the linear combination of multiple uniform distribu-
tions (that is, U-mix) whose ranges abut one another. We assumed 
symmetry for the current problem: a U-mix model with n compo-
nents was composed of n pairs of uniform distributions symmetric 
around 0 (that is, two symmetric uniform distributions were counted 
as one component). The U-mix distributions shown in Figure 1, for 
example, had two components. For each subject, we constructed 
five levels of U-mix models with increasing number of components,  

denoted U1–U5, and fit them to the subject’s choices. The ranges  
(spatial extent) and weights (heights of the components) of the  
uniform components were free parameters.

Two classes of mixtures of Gaussian distributions were modeled: 
the vG-mix model is a linear combination of Gaussian distributions 
with the same mean but different variances and the mG-mix is a 
linear combination of Gaussian distributions with the same variance,  
but different means. The mean(s), variance(s) and weights of the 
Gaussian components were fitted as free parameters. The vG model, 
described among mixture distributions for convenience, was classified 
as a unimodal model.

A vG-mix or mG-mix with n components had the same number 
of free parameters as a U-mix with n components. Similar to U-mix, 
we constructed five levels of vG-mix and mG-mix and obtained the 
best-fit vG-mix and mG-mix. Last, we considered a mixture model 
composed of piecewise linear components, denoted as L-mix.

The pdf estimated from each model is plot-
ted for one subject in Figure 3b–h. The AICc 
differences between the baseline (Gaussian) 
and the other six models (summed over the 
nine subjects) are shown in Figure 3i. Two 
conclusions can be reached. First, all of the 
mixture distribution models fitted better to 
subjects’ choice patterns than any of the uni-
modal distributions. The unimodal distribu-
tion models tended to smooth over any abrupt 
changes in subjects’ choice patterns, whereas 
the mixture distribution models, with their 
multiple discrete modes or steps, were able to 
capture them (Supplementary Fig. 2).

Second, the U-mix model outperformed 
the other mixture models. According to the 
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Figure 3  Internal pdfs in the choice task of experiment 1. (a) Non-
parametric visualization of the internal pdf for one subject. Green-shaded 
regions denote ±s.e.m. x is in the unit of the subject’s horizontal s.d. 
estimated from the reaching task. The gray-shaded central range of  
[−0.6, 0.6] could not be reliably estimated in experiment 1 (Online Methods) 
and the visualization therefore gives information about the pdf only away 
from the origin. Two regions of interest are marked by red circles. The 
visualizations for all subjects are shown in Supplementary Figure 1.  
(b–h) Internal pdfs estimated from different models for the same subject. 
(i) AICc difference between the Gaussian model and the other six models 
summed over the nine subjects. The unimodal models (including vG-mix) 
and mixture models are coded in light gray and dark gray, respectively. 
Positive difference indicates better fit. LD denotes linear decay.  
(j) Number of subjects best fit by each U-mix model.
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Figure 4 

Model fits of all subjects’ internal pdfs 

in experiment 1. (

a

) mG-mix model. (

b

) U-mix 
model. Each panel shows the pdf of one subject. 
x

 is presented in the unit of the subject’s 
horizontal s.d. estimated from the reaching 

 
task. Subjects are shown in the same order as 
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Supplementary Figure 1
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group-level B ayesian model selection2 0, of the seven models, the probability for the U-mix model to be the best model was 65.7%, the probability for Gaussian was 1.3%, the probability for linear y decay was 1.0%, the probability for t was 1.0%, the probability for vG-mix was 1.3%, the probability for mG-mix was 28.0% and the probability for L-mix was 1.7%.T he underlying B ayes factors provide only wea k evidence favoring the uniform mixture model over the Gaussian mixture model. However, in our third experiment (w hen considering two-  dimensional basis functions), we found stronger evidence for uniform over Gaussian mixtures (see below).Model fits of al l subjects� internal pdfs are shown in Figure 4 for the mg-mix and U-mix models. the U-mix models were evidently discrete mixture representations, as defined in above. the �runner up� mg-mix models were also discrete mixture representations: the basis pdfs in the mg-mix models had, on average, an overlap of only 8.0% in probability density (online Methods); that is, they were close to non-overlapping, orthogonal.According to AIcc comparisons, the U-mix models that best  fit subjects� choices contained only a small number of components ( Fig. 3 j): all of the subjects were best fit by U2�U4. For example, the best-fit U-mix model for one subject shown in Figure 3 h was U3.experiment 2we wanted to show that the discrete mixture representation of  visuo-motor uncertainty was not somehow a result of the particular stimuli we used in experiment 1. could the triples, in particular, have somehow led the subject to choose a discrete mixture representation that she might otherwise never have made use of?In a second experiment, we trained subjects to touch a line within a time limit ( Fig. 5 a). the distribution of each subject�s endpoints was close to gaussian. Instead of an all-or-none reward, the amount subjects received on each trial could be any integer between 0 and 100, decreasing with the distance of their endpoint to the target line. In the subsequent choice phase, subjects chose between a central rectangular region and a peripheral rectangular region ( Fig. 5 b and online Methods).the analyses of experiment 2 were similar to those of experiment 1,  except that the design of the experiment allowed us to include  asymmetric distributions among the candidates for subjects� internal pdfs and there was no restriction on estimating the pdf near its center as there was in experiment 1 (online Methods). the visualization and model fits for one subject are shown in Figure 5c� h (also see 

Figure 5  experiment 2. (a) the reaching task.  left, the task. the task for experiment 2 was  the same as that for experiment 1, except that  a horizontal line was used as the target. Right,  the endpoints for one subject. (b) the choice  task. the task for experiment 2 was similar  to that for experiment 1, but each pair of  targets consisted of a rectangle on the line and  a rectangle off the line. (c) non-parametric  visualization of the internal pdf for one subject.  Shaded regions denote �os.e.m. x is in the unit  of the subject’s vertical s.d. estimated from the  reaching task. (d–h) Internal pdfs estimated  from different models for the same subject.  (i) AIcc difference between the gaussian model and the other four  models summed over the ten subjects. the unimodal models (including vg-mix) and mixture models are coded in light gray and dark gray, respectively. Positive difference indicates better fit. (j) number of  subjects best fit by each U-mix model.Supplementary Figs. 3 and 4). Again, all the mixture models were superior to the gaussian and the U-mix model was superior to the other mixture models in AIcc (Fig. 5 i). not only the U-mix models, but also the mg-mix models, were discrete mixture representations: the basis pdfs in the mg-mix models had, on average, an overlap of only 9.2% in probability density. they were close to non-overlapping, orthogonal. According to group-level Bayesian model selection20, among the five models, the probability for the U-mix model to be the best model was 63.4%; the probability for gaussian was 0.7%, the probability for vg-mix was 22.3%, the probability for mg-mix was 12.7% and the probability for for l-mix was 0.9%. the best-fit U-mix models for most subjects were U4–U6 (Fig. 5 j).experiment 3For experiment 3, we applied the tests developed above to the two-dimensional choice data of ref. 2 1 . Its task and design was the same as that of experiment 1 with the following exceptions (Fig. 6a–c). the target of the reaching task was a circle and subjects’ visuo-motor error had a bivariate gaussian distribution. the targets in the choice task were a rectangle and a circle.we modeled subjects’ internal pdfs in the horizontal and vertical  directions separately and considered the gaussian, vg-mix, mg-mix, l-mix and U-mix models (online). As in experiments 1 and 2, the mixture models were superior to the gaussian model and the U-mix model was superior to the other mixture models in AIcc (Fig. 6d). not only the U-mix models, but also the mg-mix models (Supplementary Figs. 5 and 6), were discrete mixture representations; the basis pdfs in the mg-mix models had, on average, an overlap of only 17% in probability density. According to group-level Bayesian model  selection 2 0, of the five models, the probability for the U-mix model  to be the best model was 97.6%, the probability for gaussian was 0.02%, the probability for vg-mix was 0.3%, the probability for  mg-mix was 0.5%, the probability for l-mix was 1.6%. For a mixture model that had nx components in the horizontal direction and ny components in the vertical direction, define its number of components as 
( )/n nx y��2. the best-fit U-mix model for most subjects had 2–3 components (Fig. 6 e).

npg © 2015 Nature America, Inc. All rights reserved.
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DISCUSSION
We estimated human subjects’ internal model of their own visuo-
motor error in a speeded reaching task and compared it with their 
objective visuo-motor error. Subjects’ actual visuo-motor error distri-
butions (objective pdfs) were in all cases unimodal, close to a Gaussian 
in many cases and close to a t-distribution in the remainder. However, 
the distributions implicit in their choices (internal pdfs) were very 
different from their actual distributions.

We found, first of all, that multimodal mixture distributions  
(for example, U-mix, mG-mix) provided a better fit to subjects’  
choice patterns than any single Gaussian or the alike. Second, of  
the mixture models tested, a model consisting of a mixture of non-
overlapping uniform distributions with two to six nonzero steps  
performed best.

Both results are unexpected. The first and broader conclusion—
that subjects’ internal pdfs were mixtures of basis distributions—is 
well supported by our data. Moreover, the basis distributions in the 
mixtures either had no overlaps (for example, U-mix) or just slight 
overlaps (for example, mG-mix). We refer to such mixtures of local 
distributions as discrete mixture representations. The subjects’  
representations of their own visuo-motor error were discrete.

It is less clear what the form of the basis distributions was: the 
mG-mix fits came close to the U-mix in both goodness-of-fit and 
overall appearance. Although fits to the data favored uniform basis 
distributions over Gaussian, there could well be a third candidate that 
would dominate both.

There are two possible advantages of using uniform rather than 
Gaussian mixtures to represent probability mass. First, we can ‘tile’ 
the space of events in an orthogonal (sparse) fashion, without any 
bias to a particular location. Second, the probability assigned to 
each event (here, endpoint) depends only on the tile it is in. That is,  
we can estimate the constant probability density of each tile by simply 
counting events in the tile.

Relationship to previous measures
A few studies have reconstructed human subjects’ representation 
of sensory probability distributions based on their decisions. One 
study found that subjects’ internal pdf of a Gaussian prior distribution 
closely followed the objective prior (Fig. 2d of ref. 7), which seem-
ingly disagrees with a discrete mixture representation of probability 
distributions. However, this study7 showed is that subjects computed 
a weighted average of the mean of a prior distribution and the mean 
of a likelihood. Although such averaging is consistent with Bayesian 
inference based on Gaussians, it is unclear how to infer from their data 
that subjects actually maintained and multiplied specifically Gaussian 
distributions22. Notably, a second condition in the same study  
demonstrated that subjects successfully represented a bimodal prior 
distribution, a capability that is, broadly, consistent with our finding 
that the brain employs mixture distributions. Of course, a formal test 

of whether behavior in such a setting is best fit by particular forms  
of mixture, such as our U-mix, will be needed in the future.

One surprising feature of the discrete mixture representation that 
we observed was that it was multimodal, although the true distribu-
tion was unimodal. Although this outcome was unexpected, it is not 
completely unprecedented: subjects’ representation of temporal prior 
distributions in a previous study (Figs. 7–9 in ref. 23) appeared to have 
more than one mode.

Discrete representation and near-optimal motor decisions
Our finding that subjects’ internal pdfs of their own visuo-motor 
error distribution were discrete, thereby deviating systematically 
from the objective distribution, does not necessarily conflict with 
near-optimal human performance in previous studies4–10 (see ref. 11  
for an example of a binary choice task). Many tasks may simply 
be insensitive to systematic deviations in subjects’ internal pdfs.  
For example, a previous study21 found that a virtual subject with a 
Gaussian error distribution, but who mistakenly assumes it is a uni-
form distribution of the same variance, would still be able to achieve 
near-optimal performance in a previously described visuo-motor 
decision task8. A discrete mixture representation with two to six 
nonzero steps, as we found in our experiments, enables even better 
approximations to the objective distribution and can therefore lead 
to near-optimal performance as well.

Simplifying probabilistic calculation
Psychologists and neuroscientists modeling biological computation 
have encountered the computational problems that arise when manip-
ulating high-dimensional or continuous distributions in many guises. 
Broadly speaking, tractable solutions require approximating the exact 
computation with some simpler, sparser form. The discrete mixture 
representation that we propose is one example, and shares its essential 
feature of sparseness with many other approaches, such as approxi-
mating distributions with a reduced rank form24 or a kernel density 
estimator25, with Monte Carlo approximations that substitute a few 
samples for a random variable26–29, or with the use of linear models 
to approximate surface spectral reflectance density functions30. Given 
that these approaches share many essential similarities, it is possible 
that all arise from the same neural solution to complexity.
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An important question for future work is whether the U-mix (or 
other mixture) distributions that we observed are the only internal 
representations of the distribution of visuo-motor error available to 
the visuo-motor system or whether they are transient representations, 
derived from a more accurate representation, that vary with the task 
imposed. That is, the neural system could maintain a high-resolution 
representation of visuo-motor error, but uses simplified representa-
tions to carry out specific computational tasks, just as most common 
programming languages use a variety of numerical representations.

Discrete representation as explanation for decision biases

http://www.nature.com/doifinder/10.1038/nn.4055
http://www.nature.com/doifinder/10.1038/nn.4055
http://www.nature.com/doifinder/10.1038/nn.4055
http://www.nature.com/reprints/index.html
http://www.nature.com/reprints/index.html


1158	 VOLUME 18 | NUMBER 8 | AUGUST 2015  nature NEUROSCIENCE

a r t ic  l e s

18.	Akaike, H. A new look at the statistical model identification. IEEE Trans. Automat. 
Contr. 19, 716–723 (1974).

19.	Hurvich, C.M. & Tsai, C.-L. Regression and time series model selection in small 
samples. Biometrika 76, 297–307 (1989).

20.	Stephan, K.E., Penny, W.D., Daunizeau, J., Moran, R.J. & Friston, K.J. Bayesian 
model selection for group studies. Neuroimage 46, 1004–1017 (2009).

21.	Zhang, H., Daw, N.D. & Maloney, L.T. Testing whether humans have an accurate 
model of their own motor uncertainty in a speeded reaching task. PLOS Comput. 
Biol. 9, e1003080 (2013).

22.	Oruç, I., Maloney, L.T. & Landy, M.S. Weighted linear cue combination with possibly 
correlated error. Vision Res. 43, 2451–2468 (2003).

23.	Acerbi, L., Wolpert, D.M. & Vijayakumar, S. Internal representations of temporal 
statistics and feedback calibrate motor-sensory interval timing. PLOS Comput. Biol. 
8, e1002771 (2012).

24.	Daw, N.D., Courville, A.C. & Dayan, P. Semi-rational models of conditioning: the 
case of trial order. in The Probabilistic Mind: Prospects for Bayesian Cognitive Science 
(eds. N. Chater & M. Oaksford) 431–452 (Oxford University Press, Oxford, 2008).

25.	Gershman, S. & Wilson, R. The neural costs of optimal control. Adv. Neural Inf. 
Process. Syst. 23, 712–720 (2010).

26.	Vul, E., Goodman, N.D., Griffiths, T.L. & Tenenbaum, J.B. One and done? Optimal 
decisions from very few samples. Cogn. Sci. 38, 599–637 (2014).

27.	Sanborn, A.N., Griffiths, T.L. & Navarro, D.J. Rational approximations to rational 
models: alternative algorithms for category learning. Psychol. Rev. 117, 1144 
(2010).

28.	Vul, E., Hanus, D. & Kanwisher, N. Attention as inference: selection is probabilistic; 
responses are all-or-none samples. J. Exp. Psychol. Gen. 138, 546–560  
(2009).

29.	Daw, N.D. & Courville, A. The pigeon as particle filter. in Advances in Neural 
Information Processing Systems (ed. J.C. Platt, D. Koller, Y. Singer & S. Roweis) 
369–376 (MIT Press, 2007).

30.	Maloney, L.T. Evaluation of linear models of surface spectral reflectance with small 
numbers of parameters. J. Opt. Soc. Am. A 3, 1673–1683 (1986).

31.	Körding, K.P. & Wolpert, D.M. The loss function of sensorimotor learning. Proc. 
Natl. Acad. Sci. USA 101, 9839–9842 (2004).

32.	Todorov, E. & Jordan, M.I. Optimal feedback control as a theory of motor coordination. 
Nat. Neurosci. 5, 1226–1235 (2002).

33.	Harris, C.M. & Wolpert, D.M. Signal-dependent noise determines motor planning. 
Nature 394, 780–784 (1998).

34.	Wolpert, D.M., Ghahramani, Z. & Jordan, M.I. An internal model for sensorimotor 
integration. Science 269, 1880–1882 (1995).

35.	Hamilton, B.H. Does entrepreneurship pay? An empirical analysis of the returns to 
self-employment. J. Polit. Econ. 108, 604–631 (2000).

36.	Harvey, C.R. & Siddique, A. Conditional skewness in asset pricing tests. J. Finance 
55, 1263–1295 (2000).

37.	Kraus, A. & Litzenberger, R.H. Skewness preference and the valuation of risk assets. 
J. Finance 31, 1085–1100 (1976).

38.	Moskowitz, T.J. & Vissing-Jørgensen, A. The returns to entrepreneurial investment: 
a private equity premium puzzle? Am. Econ. Rev. 92, 745–778 (2002).

np
g

©
 2

01
5 

N
at

ur
e 

A
m

er
ic

a,
 In

c.
 A

ll 
rig

ht
s 

re
se

rv
ed

.





nature NEUROSCIENCE



nature NEUROSCIENCEdoi:10.1038/nn.4055

where bi > 0, hi
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an anomaly that could not be explained by any loss functions or probability  
distortions without introducing an asymmetry between left and right, and which 
was probably due to unknown visuo-motor biases subjects had with respect to 
pointing to left or right. For this reason, we used the curve for noninverted trials 
as the data to account for in our simulation.

Summary of statistical tests. No statistical methods were used to predetermine 
sample sizes but our choice of sample size was based on previous work, includ-
ing ref. 21. AICc18,19 and group-level Bayesian model selection20 were used in 

39.	Pelli, D.G. The VideoToolbox software for visual psychophysics: transforming 
numbers into movies. Spat. Vis. 10, 437–442 (1997).
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41.	Erev, I. et al. A choice prediction competition: choices from experience and from 

description. J. Behav. Decis. Mak. 23, 15–47 (2010).
42.	Rasmussen, C.E. & Williams, C.K.I. Gaussian Processes for Machine Learning  

(MIT Press, 2006).

all experiments. Pearson’s correlation was used in experiment 1. We verified  
the assumptions of all of the statistical tests used.

A Supplementary Methods Checklist is available.
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